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Remark: All vector spaces in this question are finite dimensional, over a common
field. Each question carries 20 marks.

1. Show that all the bases in a vector space have the same size.

2. If U is a vector subspace of a vector space V , then show that dim(U) + dim(U◦) =
dim(V ).

3. If T : V −→ W is a linear transformation between vector spaces then show that
rank(T ) + nullify(T ) = dim(W ). Conclude that if dim(V ) = dim(W ) then T is
injective iff T is subjective.

4. Let xi, yi, 1 ≤ i ≤ m, be 2m vectors in an inner product space V such that
< xi, xj >=< yi, yj > for all i, j (1 ≤ i, j ≤ m). Then show that there is an
orthogonal linear transformation T : V → V such that T xi = yi, 1 ≤ i ≤ m.

5. Let L(U, V ) denote the set of all linear transformation from the vector space
U to the vector space V . Thus, L(U, V ) is a vector space with point wise
operations. Show that its dimension is the product of the dimensions of U and
V .
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